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Generalization of Stokes-Einstein relation to coordinate dependent damping and
diffusivity: An apparent conflict
A. Bhattacharyay1, ∗
1Indian Institute of Science Education and Research, Pune, India
Brownian motion with coordinate dependent damping and diffusivity is ubiquitous. Understand-
ing equilibrium of a Brownian particle with coordinate dependent diffusion and damping is a con-
tentious area. In this paper, we present an alternative approach based on already established
methods to this problem. We solve for the equilibrium distribution of the over-damped dynamics
using Kramers-Moyal expansion. We compare this with the over-damped limit of the generalized
Maxwell-Boltzmann distribution. We show that the equipartition of energy helps recover the Stokes-
Einstein relation at constant diffusivity and damping of the homogeneous space. However, we also
show that, there exists no homogeneous limit of coordinate dependent diffusivity and damping with
respect to the applicability of Stokes-Einstein relation when it does not hold locally. In the other sce-
nario where the Stokes-Einstein relation holds locally, one needs to impose a restriction on the local
maximum velocity of the Brownian particle to make the modified Maxwell-Boltzmann distribution
coincide with the modified Boltzmann distribution in the over-damped limit.
PACS numbers: 05.40.Jc, 05.10,Gg, 05.70.-a
INTRODUCTION
Diffusion shows a lot of variety. Normal Fickian dif-
fusion is characterized by a mean square displacement
(MSD) which scales linearly with time and the corre-
sponding probability distribution of position is Gaussian.
Deviation of the MSD from this linear scaling with time
is termed as anomalous diffusion which falls into super-
or sub-diffusive category based on MSD scaling as tα
with 1 < α < 2 and 0 < α < 1 respectively. There
are observed variant of diffusion which are normal ac-
cording to the linear scaling of the MSD with time, but,
are characterized by non-Gaussian distributions at inter-
mediate times which crosses over to Gaussian at larger
times [1, 2]. An averaging over a distributed diffusivity
of particles of the system has been seen to result in the
required Laplace form of the density distribution [1, 3].
This method is similar in spirit to the concept of super-
statistics which employs a superposition of Boltzmann
statistics at smaller scales to get a non-Boltzmann distri-
bution with a variable intensive quantity at larger scales
[4]. Chubinsky and Slater came up with the idea of diffus-
ing diffusion (time dependent diffusivity) and by employ-
ing that they got a short time probability distribution of
Laplace form which crosses over to a Gaussian form at
large times [5]. Chechkin et al., developed a minimal
model using the concept of diffusing diffusion embeded
in a two component Langevin dynamics to capture this
crossover between Laplace to Gaussian regime as well [6].
Coordinate dependence of diffusivity and damping [7]
of a Brownian particle (BP) is observed (or invoked) in
many experiments [8–11] where the BP resides near a
wall or a boundary. Position dependent diffusion is sup-
posed to be playing major role in protein folding [12–14].
The same is also invoked in hydrodynamic (large wave
length) models of some optical systems [15, 16] and open
quantum systems [17]. A covariant formulation of state
dependent diffusion and related issues with equilibration
in such systems has been reported by Polettini [18]. The
difficulty of experimentally determining position depen-
dent diffusivity in protein folding is highlighted in a re-
cent paper by Foster et al., [19].
It is generally believed that the hydrodynamic effects
near a wall are at the origin of the coordinate dependence
of diffusivity and damping of a BP [8] and there may be
other reasons as well. Imagine a BP diffusing in a finite
space filled with some network of static obstacles. The
BP will be subjected to a coordinate dependent diffusiv-
ity and damping almost everywhere in such a stationary
crowded space. Another example could be the Brown-
ian motion of a polymer or a protein in its state space
which is finite. Depending upon relative proximity of the
monomers or residues in various configurations the dif-
fusivity and damping could become a function of state
space. Due to the finite extent of the space and static in-
homogeneity, when kept at a constant temperature, such
a Brownian motion should equilibrate at large times. The
purpose of this paper is to ask if the equilibrium distri-
bution and other features of such a system is different
from that when diffusivity and damping are constant.
In the present kind of a problem, while looking for equi-
librium, we are basically dealing with quenched coordi-
nate dependent diffusivity and damping which depend on
bath degrees of freedom and also things other than bath
degrees of freedom. Had this not been the case, i.e. if
the finite space of Brownian motion is homogeneous (be-
ing characterized by a constant diffusivity and damping),
we would be in a regime of equilibrium governed by the
Stokes-Einstein relation (fluctuation-dissipation relation
(FDR)). The theory of equilibrium Brownian motion is
well established for such homogeneous spaces. One may
reasonably ask - what happens in the general case? does
2the Stock’s-Einstein relation get generalized or it gets
modified?
An over-damped BP under confinement equilibrates
with heat-bath at large times. The Boltzmann distribu-
tion (BD) characterizes position distribution of the BP
in equilibrium when the damping and the diffusivity are
constant. This is a well known and tested result. What
happens when the diffusivity and the damping are func-
tions of space (i.e., coordinate dependent) is a question
people have pondered over a long time and there exists
controversy [20, 21]. The main theme of the approach to
this problem has so far been to demand the BD as an
irrevocable condition for equilibrium [22–27]. This ne-
cessitates replacing constant diffusivity D and constant
damping Γ with coordinate dependent D(x) and Γ(x) (for
example, in 1D) to generalize the BD of such systems to
P(x) = Ne
−V(x)
D(x)Γ(x) = Ne
−V(x)
kT where N is a normalization
constant, V(x) is the potential that confines the particle,
k is the Boltzmann constant and T is the temperature of
the system. This indicates a local generalization of the
Stokes-Einstein relation DΓ = kT to D(x)Γ(x) = kT.
One of the central issues, here, would be whether or
not to take D(x)Γ(x) = kT as the local generalization of
the Stokes-Einstein relation and in this paper we will look
at two cases where D(x)Γ(x) 6= kT and D(x)Γ(x) = kT
within the framework of Kramers-Moyal expansion with-
out a priori imposition of BD as an equilibrium con-
dition. There are other issues when one imposes BD
for equilibrium in such systems, like: (a) In the deriva-
tion of the probability distribution using Smoluchowski
equation one needs to keep the Fick’s law in its con-
stant diffusivity form giving the diffusion current density
jdiff = −D(x)∂P(x)∂x [22]. (b) The BD does not include
coordinate dependent diffusivity D(x) or damping Γ(x)
and, thus, does not reflect the inhomogeneity of space
which cannot be accommodated in a potential. We will
see in what follows that, the clue to have consistent so-
lution to this problem lies with taking the correct form
of Fick’s law over inhomogeneous space where the diffu-
sivity is a function of coordinates.
We show in the first part of our results where
D(x)Γ(x) 6= kT that, all the above mentioned issues get
naturally resolved if one goes by the analysis based on the
Kramers-Moyal expansion (in the over-damped regime)
and the resolution happens in an unexpected way. By
deriving the Smoluchowski equation for such a BP us-
ing Kramers-Moyal expansion, one gets the modification
of the Fick’s law to jdiff = − ∂∂xD(x)P(x) instead of
a generalization to jdiff = −D(x) ∂∂xP(x). The Stokes-
Einstein relation in this inhomogeneous case results from
the equipartition of kinetic energy as 〈D(x)Γ(x)〉 = kT
indicating that DΓ = kT is only strictly valid for the
constant diffusivity and damping.
There is no controversy in deriving the Fokker-Planck
equation of a generalized Langevin dynamics that in-
cludes inertial term. This is so because one can easily
convert the problem to a stochastic dynamics with ad-
ditive noise. The distribution one gets here is a direct
generalization of the Maxwell-Boltzmann (M-B) form.
Moreover, correspondence between this generalized M-
B distribution at the over-damped limit to the modified
BD as obtained from the Smoluchowski dynamics pro-
duces D(x) = CΓ(x) where C = 〈D(x)
2〉
kT =
kT
〈Γ(x)2〉 is a
constant in equilibrium.
It can be easily inferred that in the presence of the
proportional relationship D(x) = CΓ(x) between the lo-
cal diffusivity and damping the product D(x)Γ(x) cannot
be locally equivalent to any quantity of an independent
physical origin because that will make diffusivity locally
inversely proportional to damping in direct conflict with
D(x) = CΓ(x). This subtle constraint will set the im-
possibility of having local temperatures in the form of
(D(x)Γ(x))/k in equilibrium of such systems. As a result
D(x)Γ(x) comes out to be the local energy scale that sets
the width of distributions and this is only equal to the
thermal energy scale set by the bath on an average over
the inhomogeneity.
In this part, we will see that the general theory in the
presence of equipartition of energy gives Stocks-Einstein
relation in homogeneous space (constant D and Γ), but,
the homogeneous limit of the relation in weakly inhomo-
geneous space does not exist. This observation will turn
out to be crucial to rule out the extension of the the-
ory for homogeneous space to the case of even weakly
non-homogeneous cases when D(x)Γ(x) 6= kT. The non-
existence of this homogeneous limit indicates a severe
constraint on the Stokes-Einstein relation and its use
even in weakly inhomogeneous space.
In the second part, we go by local validity of the Stokes-
Einstein relation within the realm of an analysis strictly
based on Kramers-Moyal expansion. We show that a cru-
cial consideration is needed to make the two over-damped
limits - one taken on the dynamics and the other taken
on the modified M-B distribution - coincide. The con-
sideration is that the local normalization of the velocity
distribution cannot be done on limits from −∞ to +∞.
The velocity limits on the integral has to be set between
the quantities −D(x)/L and +D(x)/L where L is the only
length scale available that does not involve diffusivity
and this length scale is the system size. Note that the
Stokes-Einstein relation holds locally, D(x) = kT/Γ(x).
This means, the local maximal velocity limit is inversely
proportional to Γ(x) and is proportional to thermal en-
ergy kT given a system size L which makes sense. This
we identify as an important requirement for the Stokes-
Einstein relation to hold locally when diffusivity is coor-
dinate dependent and the over-damped limit on modified
M-B distribution resulting in the required modified BD
that comes from the Smoluchowski equation.
The Kramers-Moyal expansion is a formal procedure
3perfectly suited for a coordinate dependent diffusivity.
The equilibrium distribution that results from the Smolu-
chowski equation as obtained from the Kramers-Moyal
expansion is a modified Boltzmann distribution with the
diffusivity D(x) dependent amplitude [28]. This is an ex-
pected equilibrium distribution as compared to the BD
because the BD does not manifest the broken spatial ho-
mogeneity. Thus, beyond the so far used methods of
essentially extending the Brownian motion theory of a
homogeneous space to inhomogeneous conditions, if one
follows already existing method (Kramers-Moyal expan-
sion) for inhomogeneous space, one gets a set of consis-
tent results and possibly the clue as to why the notions
belonging to the homogeneous space theory cannot be
extended to inhomogeneous situations. The present anal-
ysis based on Kramers-Moyal expansion indicates either
the Stokes-Einstein relation is not locally applicable or
when it holds even locally there exists a maximum limit
of locally accessible velocity of the BP at each point in
space.
The plan of the paper is as in the following. We first
consider the over-damped Brownian dynamics and em-
ploy the Kramers-Moyal expansion to find out the Smolu-
chowski equation and its equilibrium solution as the mod-
ified BD. We then derive the Fokker-Planck dynamics for
the generalized Langevin equation of the system which
includes the inertial term. Following that we show our
results in two subsections. In one subsection we employ
equipartition to recover Stokes-Einstein relation in ho-
mogeneous space. We then take the over-damped limit
of the generalized M-B distribution to compare this with
the modified BD to get the relation between the D(x) and
Γ(x). In the next subsection we consider the local valid-
ity of the Stokes-Einstein relation D(x)Γ(x) = kT and
show how one has to modify the integration limits of the
local velocity normalization to get to the over-damped
limit that follows from the Smoluchowski dynamics. We
conclude the paper with a discussion of main results.
OVER-DAMPED DYNAMICS
Let us consider a 1D model of Brownian motion (for
the sake of simplicity) as
x˙ = v
mv˙ = −mζ(x)v + F(x) +mζ(x)
√
2D(x)η(t), (1)
where x is the position of the BP and v is its velocity.
We have kept the mass m of the BP explicitly present
for the ease of taking the over-damped limit, mζ(x) =
Γ(x) is the damping coefficient and F(x) is an external
force resulting from some potential F(x) = − dV(x)
dx
. The
Gaussian white noise of unit strength is represented by
η(t).
At the over-damped limit of this dynamics we get the
very standard form of the equation
x˙ =
F(x)
Γ(x)
+
√
2D(x)η(t). (2)
In what follows, we will never impose any a priori re-
lationship between the D(x) and Γ(x). The relations will
follow from the over-damped limit of the generalized M-
B distribution and the equipartition of kinetic energy.
Let us have a look at a few well known but important
details of the over-damped Langevin dynamics eqn.(2).
In the absence of the force F(x) it represents free diffu-
sion. The diffusivity D(x) gets defined by the dynam-
ics in the presence of the Gaussian noise η(t). Thus,
D(x) = 〈(x(t+δt)−x(t))
2〉
2δt where x ≡ x(t) [28].
The diffusion time scale δt would depend on the local-
ity of the D(x) and the average is over noise. Inclusion
of the force term F(x) makes the damping Γ(x) explic-
itly appear and fix the local drift current. We, therefore,
are effectively considering normal diffusion here, the only
modification is in the local character of the diffusivity and
the damping. A very important property of normal dif-
fusion is the isotropy of the process and in the present
case although the diffusivity is inhomogeneous in space,
it is isotropic, i.e., the same in both directions at every
point in one dimensional space.
Let us first have a look at the Smoluchowski equation
for the over-damped dynamics (eqn.(2)) using Kramers-
Moyal expansion [28]. The Kramers-Moyal expansion
gives dynamics of probability density P(x, t) as
∂P(x, t)
∂t
=
∞∑
n=1
(
− ∂
∂x
)n
D(n)(x, t)P(x, t), (3)
where the expansion coefficients are
D(n)(x, t) =
1
n !
lim
τ→0
1
τ
〈[ξ(t+ τ)− x]n〉 (4)
with ξ(t) = x and the angular brackets indicate average
over noise [29]. Consistent with Pawula’s theorem, there
will be two terms on the r.h.s., of the Smoluchowski equa-
tion for the BP whose dynamics is given by the Langevin
equation (eqn.(2)) as
∂P(x, t)
∂t
=
∂
∂x
[
−F(x)P(x, t)
Γ(x)
+
∂D(x)P(x, t)
∂x
]
. (5)
At this stage, a discussion on the so-called spuri-
ous current is in order. The drift current density to
be jdrift =
F(x)
Γ(x)P(x) is determined by the drift veloc-
ity vd(x) =
F(x)
Γ(x) which results from a balance between
the damping term and the external force. In the over-
damped limit this force balance is always there and does
not depend on the coordinate dependence of damping.
This is so because the over-damped limit is taken by set-
ting m→ 0 and ζ(x)→∞ such that Γ(x) is finite. This
4limit practically sets the relaxation time of the system
τ(x) = 1
ζ(x) → 0 everywhere and thus the relaxation
time scale becomes negligible compared to the diffusion
time scale δt.
Due to non-validity of mean value theorem on stochas-
tic integrals with multiplicative noise, a convention is
needed to evaluate the drift coefficientD(1)(x, t) and here
comes the Itoˆ vs Stratonovich dilemma [30, 31]. Where
Itoˆ convention correctly gives the drift current in its form,
the Stratonovich convention produces spurious drift cur-
rent on top of it which has to be neglected in a straight
forward manner if one wants strictly to be in the over-
damped limit. The drift velocity is completely defined
in the over-damped limit everywhere because of the rea-
son that diffusion being isotropic at all points in space
even when diffusivity is coordinate dependent the dif-
fusion gradient cannot result in a drift current. It is
essential to break isotropy of space to get a drift cur-
rent, however, the coordinate dependent diffusivity does
not do that symmetry breaking. The inhomogeneity of
space due to D(x) shows an apparent breaking of isotropy
by the presence of gradients, but, diffusive transport re-
maining isotropic there cannot be a drift proportional to
these gradients. If such a drift appears that appears as
an artifact of the convention followed. Thus, it is not at
all difficult to identify the spurious convention dependent
component of drift current here.
Moreover, the diffusion current does not involve any
spurious contribution in any convention and, therefore,
cannot be altered. This is exactly where, in the existing
literature, manipulations are made. One not only cancels
the spurious drift current but also throws away the part of
the diffusion current appearing in the form −P(x)dD(x)
dx
to ensure Boltzmann distribution. For example, in the
paper by Lau and Lubensky [22], which explains the ex-
isting practice in this regard in a general way, one can
identify the omission of the above mentioned part of the
diffusion current in the considered definition of the diffu-
sion current density as J(x, t) = −D(x) ∂P(x,t)
∂x
. But, how
could this be done even when there is no spurious con-
tribution in diffusion current? As is clearly mentioned
by Lau and Lubensky [22], this is done to get the BD as
the equilibrium solution of the resulting Smoluchowski
equation.
The equilibrium distribution that results from the
Smoluchowski dynamics as given by eqn.(5) is
P(x) =
N
D(x)
exp
∫ x
−∞
F(x′)
D(x′)Γ(x′)
dx′. (6)
This is a modified Boltzmann distribution in the presence
of coordinate dependent diffusivity and damping where
N =
[∫∞
−∞
dx
D(x) exp
∫ x
−∞
F(x′)
D(x′)Γ(x′)dx
′
]−1
is a normaliza-
tion constant. Note that, the temperature of the bath
does not show up in this expression since we have not
yet considered any relation between the diffusivity and
damping as the one results from the Stokes-Einstein re-
lation in homogeneous space. Obviously, we do not want
to impose the Stokes-Einstein relation. The way to bring
in the temperature is to employ the equipartition of ki-
netic energy of the BP and for that we will be needing
to find out the equilibrium distribution for the model
involving inertial term given by eqs.(1).
The modified Boltzmann distribution as shown in
eqn.(6) can always be given a Boltzmann form by expo-
nentiating the D(x) dependent amplitude. This would re-
sult in an effective potential involving the D(x) and Γ(x)
as shown in [28]. Making use of this effective potential,
one can write a Langevin dynamics with additive noise
to simulate equilibrium fluctuations of a system. After
all, it is the equilibrium fluctuations of the Langevin dy-
namics which are of any practical use. If the temperature
is identified properly, then this alternative procedure can
possibly work fine for a whole class of stochastic problems
in inhomogeneous space.
Before going to the next section to capture the tem-
perature in this formalism let us have critical look at
the issue as to why the Boltzmann distribution can-
not be an acceptable equilibrium distribution for the
over-damped dynamics as given by eqn.(2) whereas the
modified Boltzmann distribution is a perfectly accept-
able equilibrium distribution. It is important to no-
tice that, if the eqn.(2) is characterized by a Boltzmann
distribution in equilibrium the average mean velocity
〈x˙〉 = 〈F(x)Γ(x) 〉 is not identically equal to zero whereas
〈F(x)Γ(x) 〉 =
∫∞
∞
dx F(x)D(x)Γ(x)P(x) =
∫ 0
0
dP(x) ≡ 0 when
P(x) is the modified Boltzmann distribution without the
1/D(x) normalization factor as is given by eqn.(6). This
is a crucial check. The equilibrium distribution is station-
ary by construction as the BP equilibrates at the min-
imum of a potential. Existence of this average current
due to Boltzmann distribution will produce entropy in
contradiction with the thermodynamic demand of equi-
librium to be the highest entropy state under given con-
ditions. Had the manipulations normally done on the
Smoluchowski dynamics to get the Boltzmann distribu-
tion for eqn.(2) been correct this inconsistency would
have not resulted. However, the appearance of this incon-
sistency clearly indicates that the modified Boltzmann
distribution as obtained from the methods following the
Kramers-Moyal expansion is just perfectly consistent to
be the equilibrium distribution.
GENERALIZED LANGEVIN DYNAMICS
Considering the change of variable u = v
χ(x) where
χ(x) = ζ(x)
√
2D(x), eqs.(1) take the form
5x˙ = χ(x)u
u˙ = −ζ(x)u − χ′(x)u2 + F(x)
mχ(x)
+ η(t). (7)
In eqs.(7), the χ′(x) = ∂χ(x)
∂x
and, these equations be-
ing in additive noise form, its Fokker-Planck dynamics
can be derived in a straight forward manner. The Fokker-
Planck dynamics for eqn.(7) is
∂P(x, u, t)
∂t
= − ∂
∂x
χ(x)uP(x, u, t)− ∂
∂u
[
−ζ(x)u − χ′(x)u2 + F(x)
mχ(x)
]
P(x, u, t) +
1
2
∂2
∂u2
P(x, u, t). (8)
To obtain the stationary equilibrium distribution with
the detailed balance maintained, one sets the part of the
equation involving the operators symmetric in u to zero
to obtain the velocity distribution. This requirement of
detailed balance in equilibrium (see for reference chap. 6
of [32]) requires the r.h.s., of eqn.(8) be separated in the
following manner for a stationary solution.
− ∂
∂x
χ(x)uP(x, u) +
∂
∂u
χ′(x)u2P(x, u)− ∂
∂u
F(x)
mχ(x)
P(x, u) = − ∂
∂u
[
ζ(x)uP(x, u) +
1
2
∂
∂u
P(x, u)
]
. (9)
Setting the current density within the square bracket on
the r.h.s., of the above equation to zero one gets the
Maxwellian distribution of the velocity and the station-
ary probability density now assumes the shape
P(x, u) = P(x)M(x)e−ζ(x)u
2
= P(x)M(x)e
− ζ(x)v
2
χ(x)2 . (10)
In the above mentioned expression for probability density
the local normalization factor M(x) = 1
χ(x)
√
ζ(x)
pi
for the
velocity (v) distribution is explicitly considered. With
these, eqn.(9) now takes the form
−u ∂
∂x
χ(x)P(x)M(x)e−ζ(x)u
2
+ 2uχ′(x)P(x)M(x)e−ζ(x)u
2 − 2u3χ′(x)ζ(x)P(x)M(x)e−ζ(x)u2
+
2uζ(x)F(x)
mχ(x)
P(x)M(x)e−ζ(x)u
2
= 0. (11)
Removing the common factor of u from all the terms
and then integrating out v while keeping in mind that
the average 〈v2〉local = χ(x)
2
2ζ(x) we get
−P(x)χ′(x) − χ(x) ∂
∂x
P(x) + 2P(x)χ′(x) − P(x)χ′(x)
+
2ζ(x)F(x)
mχ(x)
P(x) = 0. (12)
Eqn.(12) results in a distribution over position space
P(x) = e
∫
x
−∞
dx′
2ζ(x′)F(x′)
mχ(x′)2 . (13)
Including all the terms, therefore, the generalized M-B
distribution is
P (x, v) = N
√
m
2piΓ(x)D(x)
e
∫
x
−∞
dx′
F(x′)
Γ(x′)D(x′) e−
mv2
2Γ(x)D(x)
(14)
where N =
[∫∞
−∞ dxP(x)
]−1
is an overall normalization
constant. Note that, this M-B distribution is an exact
generalization of the M-B distribution over homogeneous
space [33]. If one replaces D(x) by D and Γ(x) by Γ, one
would get the standard M-B distribution of a BP over
homogeneous space.
6Stokes-Einstein relation does not hold locally
So far, the temperature has not been introduced in
the expressions we have got and that now can easily be
obtained from the equipartition of kinetic energy. The
equipartition of energy is a general feature of equilibrium
and the kinetic energy being quadratic in momentum its
average value is kT2 . The average must be done over the
whole phase space. Using the general M-B distribution
the equipartition results in
〈mv2〉 = N
∫ ∞
−∞
dxP(x)
mχ(x)2
2ζ(x)
= 〈Γ(x)D(x)〉 = kT
(15)
where the angular brackets indicate a space average over
the bounded region in which the BP has equilibrated with
the bath. Obviously, when diffusivity and damping are
constant, we recover the Stokes-Einstein relation D = kTΓ
from the equipartition and this relation does not hold in
general for a coordinate dependent damping and diffu-
sion.
Important to note that, arriving at the Stokes-Einstein
relation at the homogeneous case justifies a posteriori the
use of equipartition relation eqn.(15). Equipartition of
kinetic energy giving 12kT is a consequence of the M-B
distribution, however, the distribution we have arrived at
is a generalized form without the temperature being ex-
plicitly present. The recovery of Stokes-Einstein relation
for constant D and Γ now raises the question - does the
homogeneous limit exist where the Stokes-Einstein rela-
tion can be used at least for weak inhomogeneity? We
will try to find an answer to this question in the following.
The relation between the coordinate dependent damp-
ing and diffusion can be arrived at by taking the over-
damped limit m → 0 and ζ(x) → ∞ keeping Γ(x) fi-
nite on the generalized M-B distribution (eqn.(14)) and
comparing that with the modified BD as already ob-
tained in eqn.(6). This limit sets the factor e−
mv2
2Γ(x)D(x)
to unity and the resulting limit of the normalization fac-
tor
√
m
2piΓ(x)D(x) → 0 is a consequence of the flatness
of the velocity distribution however, the normalization
factor must be kept explicitly present in the expression
of the distribution. At this limit, correspondence be-
tween the generalized M-B distribution and the gener-
alized BD needs D(x) = CΓ(x) where the proportion-
ality constant comes out from the equipartition to be
C = 〈D(x)
2〉
kT =
kT
〈Γ(x)2〉 .
These two relations (1) D(x) = CΓ(x) and (2) D = kTΓ
are completely consistent so long one takes into account
the fact that the latter is valid strictly for constant diffu-
sivity and damping. It is obvious that even at weak inho-
mogeneity limit the Stokes-Einstein relation cannot ap-
proximate for the relation D(x) = CΓ(x). This fact can
easily be checked by Taylor expanding two expressions for
D(x) namely (a) D(x) = kTΓ(x) and (b) D(x) =
kT
〈Γ(x)2〉Γ(x)
for small dΓ(x)
dx
which takes into account the weak spa-
tial variation of Γ(x) over its average value Γ = 〈Γ(x)〉.
Consider the average of the diffusivity to be D = 〈D(x)〉.
Taking the relation (a) into account and truncating the
Taylor expansion about 〈D(x)〉 = D and 〈Γ(x)〉 = Γ at
the second term we get
D +
(
dD(x)
dΓ(x)
dΓ(x)
dx
)
D,Γ
δx =
kT
Γ
− kT
Γ2
(
dΓ(x)
dx
)
D,Γ
δx,
(16)
where the expansion is truncated at the second term due
to smallness of dΓ(x)
dx
in the weakly inhomogeneous space.
This gives (
dD(x)
dΓ(x)
)
D,Γ
= −kT
Γ2
. (17)
Going by the relation (b) and the same procedure
(
dD(x)
dΓ(x)
)
D,Γ
= C =
kT
Γ2
. (18)
So, the mismatch of the sign cannot be cured unless
T → 0 or equivalently Γ → ∞ which is essentially a
non-stochastic limit. Therefore, the relations (a) and (b)
cannot be limiting cases of each other at even small in-
homogeneity. This indicates the Stokes-Einstein relation
cannot be generalized to situations where the diffusivity
and damping are even weakly coordinate dependent.
Let us have a closer look at the implications of the non-
existence of this limit. The equipartition gives a gener-
alization of the Stokes-Einstein relation as 〈Γ(x)D(x)〉 =
kT and the correspondence gives D(x) = CΓ(x). While
the equipartition clearly indicates that the temperature
is defined globally, the relation D(x) = CΓ(x), which is
at conflict with the local generalization of the Stokes-
Einstein relation, relates the local fluctuation and dis-
sipation. Moreover, the latter indicates, the local tem-
perature is proportional to D(x)Γ(x) and not to D(x)Γ(x) as
would be the demand of a generalized Stokes-Einstein
relation.
The energy scale W(x) = D(x)Γ(x) may be interpreted
in analogy as kT(x) over an inhomogeneous space, how-
ever, this analogy cannot bring in a local temperature
kT(x) of an independent physical origin (i.e. a prop-
erty of the bath) than what the product D(x)Γ(x) it-
self is. This is so because, existence of any other in-
dependent physics (for example thermal) giving rise to
such a quantity will impose an inverse relation between
the local diffusivity and damping in direct conflict with
D(x) = CΓ(x). Therefore, it is clear that, although an
analogy apparently exists, but, it is of no physical con-
sequence to actually create thermal gradients in equi-
librium as captured by the modified Boltzmann distribu-
tion. Thus, the appearance of the relation D(x) = CΓ(x)
preserves the basic tenet of existence of no temperature
gradients in equilibrium. In other words, the failure of
7the local generalization of the Stokes-Einstein relation
rids us of the problem of appearance of local temperature
in the equilibrium scenario of such a spatially inhomoge-
neous space.
Stokes-Einstein relation holds locally
The knowledge gained in the previous subsection in-
dicates that if Stokes-Einstein relation holds locally,
the over-damped limit on the generalized Maxwell-
Boltzmann distribution cannot correspond to the mod-
ified Boltzmann distribution that we have got from the
Smoluchowski dynamics because Γ(x)D(x) is a constant
kT. There is a simple way out of this problem. Although
we are used to integrating over all velocities while nor-
malizing the velocity distribution, however, the situation
at hands indicates that we cannot do that when D(x) is
coordinate dependent.
The natural local velocity cut off for such a system can
be taken as D(x)/L where L is the system size i.e. the
length scale of the space in which the BP equilibrates.
There is no other length scale available in this system
than this which does not depend on D(x) when Stokes-
Einstein equation is locally valid. When employed, this
gives a local normalization factor for the velocity distri-
bution in the following way.
∫ D(x)
L
−D(x)L
dve−
mv2
2Γ(x)D(x) =
√
2kT
m
∫ D(x)
L
√
m
2kT
−D(x)L
√
m
2kT
dze−z
2
,
(19)
where z =
√
m
2kTv.
Eqn.(19) readily gives the value of the integral to be
√
2pikT
m
erf(
D(x)
L
√
m
2kT
),
which at the overdamped limit can be written simply
as
√
piD(x)/L and that gives the normalization constant
proportional to 1/D(x).
The modified Maxwell-Boltzmann distribution in this
case becomes
P (x, v) =
N√
2pikT
m
erf(D(x)L
√
m
2kT)
e
∫
x
−∞
dx′
F(x′)
Γ(x′)D(x′) e−
mv2
2Γ(x)D(x) .
(20)
Now, taking the over-damped limit i.e. m → 0 on this
we get,
P (x, v) =
N
D(x)
exp
∫ x
−∞
dx′
F(x′)
Γ(x′)D(x′)
, (21)
where in the above relations N stands for normaliza-
tion constant. Note that, eqn.(21) is identical to eqn.(6)
and we get to the same expression for the modified Boltz-
mann distribution at the over-damped limit by taking the
limit both ways - on the dynamics and on the modified
M-B distribution. When Stokes-Einstein relation holds
locally, it needs the local maximum velocity be restricted
to D(x)/L is the physics which goes very much contrary
to the common sense that at m→ 0 all velocities should
be allowed. However, this length scale remains hidden in
the normalization constant and instead of this, any other
constant emergent length scale would result in the same.
Here experiments can possibly look for the existence of
an emergent length scale which fixes the local maximum
velocities.
DISCUSSION
In this paper we have looked at the problem of a Brow-
nian particle moving in a finite space where its diffusiv-
ity and damping are stationary and are coordinate de-
pendent. We have been investigating the equilibrium of
such a finite system. Coordinate dependent diffusivity
and damping makes the space inhomogeneous even in
the absence of a force, however, the isotropy of the space
remains intact at every point over space in this diffusive
process. A global force may break the isotropy of the
system and result in drift current but the diffusion does
not do that.
In the over-damped limit our approach has been
to consider the Smoluchowski equation as obtained
from Kramers-Moyal expansion and solve it for equilib-
rium distribution without imposing any condition. On
the other hand, we derived the generalized Maxwell-
Boltzmann distribution for equilibrium of the system and
then took the over-damped limit on it. On compari-
son of results obtained from the over-damped dynam-
ics and over-damped limit of the generalized M-B distri-
bution we see that there exists a proportional relation
between coordinate dependent diffusivity and damping
when the Stokes-Einstein relation does not hold locally.
The equipartition of energy results in recovery of Stokes-
Einstein relation for constant diffusivity and damping.
However, in terms of validity of the Stokes-Einstein re-
lation the limit of the inhomogeneous space going to the
homogeneous space does not exist.
On the other hand, when we have taken into consid-
eration the local validity of the Stokes-Einstein relation,
we see that, we have to impose a local maximal velocity
limit to the velocity distribution to recover the modi-
fied Boltzmann distribution of over-damped limit from
the generalized M-B distribution. The generalized M-B
distribution in this case is not a straight forward general-
ization of the M-B distribution with constant diffusivity
and damping and involves an error function in the nor-
malization factor. This is an interesting situation where
the local maximal velocity a BP can take is proportional
8to kT and inversely proportional to Γ(x). The equiparti-
tion will hold in this case locally unlike where the Stokes-
Einstein relation is not locally valid.
These modified equilibrium distributions and rela-
tions between the local diffusivity and damping could
be checked within present experimental access. To the
knowledge of the author, experiments so far have not
particularly looked for such an inversion of the Stokes-
Einetein relation or local maximum velocity of a BP.
On the contrary, Stokes-Einstein relation has been ex-
tensively employed to get diffusivity from damping and
vice versa even when the diffusivity and damping are
space dependent. These new results, which are based
on already established formal methods, if experimentally
verified, can have far reaching consequence on our present
understanding of equilibrium of such systems.
Let us try to understand why such an equilibrium anal-
ysis of the Brownian motion in inhomogeneous space is
important. Consider the biophysical environment of a
cell. This is a very crowded and confined environment
and of course the processes are not happening strictly
in equilibrium in the true thermodynamic sense. How-
ever, many of the processes are weakly non-equilibrium
stochastic processes whose statistics to be mostly gov-
erned by equilibrium fluctuations. In other words, many
processes fall in the linear response regime where the
equilibrium distribution dictates the physics. This is
exactly the reason we care about an otherwise ideal-
ized equilibrium conditions because the same physics ap-
plies to a plethora of phenomena in the weakly non-
equilibrium regime. The importance of the present re-
sults lie in this wide area of applicability.
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